We present a dynamical toy model for an expanding universe inside a black hole. The model is built by matching a spherically symmetric collapsing matter cloud to an expanding FriedmannRobertson-Walker universe through a phase transition that occurs in the quantum-gravity dominated region, here modeled with semi-classical corrections at high density. The matching is performed on a space-like hyper-surface identified by the co-moving time at which quantum-gravity induced effects halt collapse. The purpose of the model is to suggest a possible reconciliation between the observation that black holes are well described by the classical solutions and the fact that the theoretical resolution of space-time singularities leads to a bounce for the collapsing matter.
I. INTRODUCTION
Singularities appear to be unavoidable as the endstate of complete gravitational collapse within General Relativity (GR) under physically reasonable conditions [1, 2] . The fact that the existence of curvature singularities leads to a breakdown of the causal structure of the space-time with loss of predictability has led Penrose to conjecture that such pathologies must always be hidden behind horizons [3] .
Another way to address the problem relies on the possibility that singularities must be generically resolved within a theory of quantum-gravity (QG) and therefore do not arise in realistic physical scenarios [4] . This idea bears significant consequences for both cosmology [5, 6] and black hole physics (see [7] for a recent review). Dynamical models for 'quantum inspired' bounces from gravitational collapse have become of great interest in recent years as they pose interesting theoretical questions on the consequences of singularity resolution within black holes and their possible implications for astrophysics [8] .
The most important feature of such models is that, by removing the central singularity that forms at the end of collapse in the classical scenario, they allow for the space-time to be geodesically complete. Matter and information are not destroyed in the singularity, leaving the door open for other possibilities (see for example [9] - [17] ). However, the nature of the bounce and the evolution of the matter fields after the bounce are at present poorly understood and several theoretical questions remain open [7] .
In particular one of the main open problems is the nature of the geometry of the space-time in the exterior of the collapsing cloud after the bounce. The recent observation of the shadow of the supermassive black hole * chrishikesh17@fudan.edu.cn † ahmadjon@fudan.edu.cn ‡ daniele.malafarina@nu.edu.kz § Corresponding author: bambi@fudan.edu.cn candidate at the center of the galaxy M87 by the Event Horizon Telescope collaboration has not shown any significant departure from the prediction of GR [18, 19] . At present, from theoretical consideration, it is clear that the QG modifications that allow for the resolution of the singularity must affect the geometry at distances larger than the Planck scale and possibly outside the boundary of the collapsing object. However, it is unclear whether such modifications may propagate to the exterior of the event horizon [20] . It has been suggested that such modifications may extend outside the horizon but must remain confined within a short (i.e. Planck scale) distance (see for example [21] or [22] , [23] for models where the effects are macroscopic).
In the present work, we assume that no departure from the classical black hole solution exists outside the horizon and investigate one possible behavior of matter in the post-bounce era by constructing a toy model that leads to a baby universe causally disconnected from its parent universe. The idea of the existence of universes inside black holes has been suggested by many authors. For example in [24] it was suggested that universes with black holes arise naturally through a selection process where new universes with slightly different values of fundamental constants are created inside black holes. A critical analysis of this idea was developed in [25] and the implications of the idea for longstanding problems in cosmology were analyzed in [26] . In [27, 28] the authors matched the interior of a Schwarzschild black hole at the endpoint of collapse with a DeSitter universe. Other models with new universes being created in regions of space-time causally disconnected from the parent universe were considered for example in [29] - [34] .
In our model, we follow a similar approach to that of [27] with the additional ingredient of the bounce. Therefore, we match a collapsing matter cloud to an expanding Friedmann-Robertson-Walker (FRW) universe at a space-like hyper-surface defined by the time at which collapse halts and the bounce occurs. The geometry outside the horizon is assumed to be described by Schwarzschild at all times. This way observers at infinity will only detect the formation of a classical black hole without any evidence of the bounce.
As noted by several authors, the price to pay for allowing the collapsing matter to bounce, thus avoiding the formation of the singularity, is the necessity for the presence of a finite region of space-time where classical GR does not hold. This is due to the fact that the light-cone structure of the space-time must change in the transition of the geometry from collapsing to expanding, and thus a finite size region interpolating between the two geometries must exist (see for example [20] ). In our case, such region, located in the vicinity of the space-like matching surface, remains confined inside the black hole horizon.
The paper is organized as follows: In section II we construct the model for collapse matched to an expanding FRW metric. Sections III and IV are devoted to the discussion of the matching of the exterior vacuum spacetime with the collapsing interior and with the expanding universe, respectively with particular attention to the behavior of the apparent horizon. Finally in section V we outline some properties and open issues of the model presented.
Throughout the paper, we make use of natural units setting G = c = 1.
II. DUST COLLAPSE WITH BOUNCE MATCHED TO FRW
We shall begin by considering the collapsing interior space-time (we shall call it region I) described by homogeneous dust, i.e. the Oppenheimer-Snyder-Datt (OSD) model [35, 36] . We shall label the coordinates as {t I , r I , θ, φ}. The equation of motion for the classical collapsing homogeneous dust cloud is [37] 
where the dot represents derivative with respect to the co-moving time t I and m I and k I are constants. In order to turn collapse into a bounce, one must require either a violation of the energy conditions or failure of Einstein's equations. It can be argued that in some cases the modifications to GR at high densities can be treated as an effective energy-momentum tensor thus reducing the problem to that of classical Einstein's equations with an effective matter-source describing the modifications to GR [38] . Then the minimal requirement in order to obtain a bounce leading to a new universe is that the matter source (effective or not) violates the strong energy condition [39] . In [13] it was shown how the OSD model can be modified in order to halt collapse at a finite radius and obtain a matter bounce if an effective energy density is introduced in the form
where ρ cr is a critical density that signals a regime where the classical description fails. The effective equation of motion then becomeṡ
In the simplest case of marginally bound collapse, i.e. k I = 0, the solution is readily obtained as
In this scenario the collapse halts at a size a I (t B ) = (3m I /ρ cr ) 1/3 whenȧ I = 0 and ρ I = ρ cr . This occurs at the time
In the following, we shall consider the more general and more realistic case of bound collapse (i.e. k i > 0) where the 'star' initiates collapse with zero velocity at a finite radius. From equation (3) we see thatȧ 2 = 0 is a quartic function of a that has two positive real solutions for the allowed choices of m, k and ρ cr (for the sake of clarity in this paragraph we have omitted the subscript). Then the study of the dynamical system f (a) = a 4 − ma 3 /k + 3m 2 /(kρ cr ) obtained from equation (3) shows that motion is allowed within the two positive solutions of f (a) = 0 given by the initial time and the time of the bounce. The behavior of collapse is similar to the marginally bound case and the cloud halts and bounces back at a finite co-moving time t I = t B . In this case, the maximum density achieved at the time of the bounce t B is
We shall now treat the hyper-surface Σ given by t I = t B as a phase transition at which the collapsing matter turns into an expanding FRW universe. We shall call the expanding phase region II and label the coordinates as {t II , r II , θ, φ}. The metric on both sides of the phase transition can be written as
with i = I, II and the matching across the hyper-surface can be done following the Darmois-Israel formalism (see [40] - [43] ). The boundary hyper-surface can be given in parametric form on both sides as
The induced metric on the hyper-surface, as seen from the i-th region is given by
where, e α a = ∂x α /∂y a are the tangent vectors on the hyper-surface Σ which has coordinates y a = (r, θ, φ) and Latin letters cover the three spatial coordinates. The non-vanishing components of the induced metric are
and the three dimensional line element on Σ can be written in either coordinate systems as
Now, from the matching conditions h
the second of which gives the initial condition for the scale factor in the expanding phase. To have a smooth matching across the phase transition surface one needs to ensure that the second fundamental form has the same value on both sides. The only non-vanishing components of the extrinsic curvature as seen from either side are
from which we see that continuous matching is possible at the surface t i = t B sincė
In Fig. (1) , it is shown the evolution of the scale factor from the initial condition a I (0) = 1 (which need not correspond to the initial time at whichȧ I = 0) to the bounce and into the expanding phase. Considering a FRW metric with a perfect fluid energy-momentum tensor and equation of state p II = ωρ II (ω ∈ [−1, 1]), we can write the equation of motion for the scale factor in the expanding region as [13] 
with initial condition given by equation (13) .
III. THE EXTERIOR SPACE-TIME
We now turn the attention to the exterior geometry in the collapsing phase. In the classical picture, as the cloud collapses a black hole forms when the matter cloud passes the threshold of the horizon. In the following we assume The scale factor a(t) as a function of the co-moving time with a(t) = aI (tI ) for t ≤ t b and a(t) = aII (tII ) for t ≥ tB. The bounce occurs at the critical scale given by aI (tB) = aII (tB). The values of the parameters are kI = 1.5, mI = 2 and kII = 1.96, mII = 3, ω = 1/3 for the collapsing and the expanding part respectively.
that the modifications to the matter fields due to QG effects do not alter the exterior geometry and so for the exterior we shall consider the Schwarzschild solution with coordinates {T, R, θ, φ} and mass parameter M Sch given by the matching of the interior mass at the boundary of the collapsing cloud. We shall call the exterior space-time region III, with line element given by
with
Classically, the continuous matching of the second fundamental form across the boundary R b (T (t I )) = r Ib a I (t I ) implies that the total mass of the collapsing cloud is related to the Schwarzschild mass M Sch of the exterior space-time via
where the co-moving boundary r Ib in the region I can be chosen arbitrarily due to the absence of pressures. However, in our model, we have introduced semi-classical corrections for which the effective density and the effective mass of the interior space-time change because of the contribution to the geometry of QG effects that become important at high densities. Therefore the Misner-Sharp mass function in the interior is replaced by its effective counterpart which is not constant in time. In fact, it is easy to see that,
At large radii (or early times in collapse) the corrections are negligible and in the limit of ρ cr → +∞, we recover the classical scenario. However, as collapse progresses the corrections become important and the effective mass in the interior is not conserved anymore so that at the boundary the effective mass is lower than the corresponding Schwarzschild mass given by equation (20) . This may be interpreted as a sign that semi-classical effects must propagate to the exterior region.
On the other hand, here we consider the exterior spacetime to be a classical black hole and assume that semiclassical corrections do not alter the exterior geometry. Therefore, in order to match the semi-classical interior with the Schwarzschild exterior, we need to allow for an effective energy-momentum tensor to be present on the boundary surface. This additional matter component must be understood as resulting from QG corrections to the interior geometry that exists only in the presence of high density matter fields.
The matching between the interior of the region I and the exterior of region III is performed across the time-like boundary surface given by r I − r Ib = 0 in the region I and R − R b (T ) = 0 in region III. Continuity of the metric is easily ensured from the conditions
On the other hand, continuity of the second fundamental form can not be satisfied in this case. The extrinsic curvature being not same on the two sides of the collapsing boundary implies that the shell r I = r Ib must carry a delta-like surface stress-energy tensor S ab given by 
For region III the extrinsic curvature is given by
where dot denotes derivatives with respect to the comoving time t I in region I. Now from the 2nd junction condition, we obtain the effective density on the shell as
where K = h ab K ab . The effective mass distribution on the shell is given by
In figure 2 we show the evolution of the effective density of the boundary surface between region I and region III. 
IV. THE EXPANDING PHASE
As the collapsing matter (I) reaches the phase transition the space-time turns into an expanding FRW universe (II). This leaves open the question of what happens to the portion of the Schwarzschild space-time between the boundary and the horizon of region III. There are several possibilities that can be constructed at this point and we will mention here three that are, in our view, the most significant: (a) Matching the Schwarzschild region III to another Schwarzschild space-time (region IV), with a different value of the mass parameter, at a surface R = R 0 = const. inside the horizon on both sides.
(b) Matching the Schwarzschild region III to a DeSitter universe (region IV) at a surface R = R 0 = const. inside the horizon of region III.
(c) Matching the Schwarzschild region III to an FRW universe (region IV) at a surface T = T B = const. inside the horizon of region III.
Notice that in all three cases the matching occurs inside the horizon for the region (III), and therefore it remains causally disconnected from the black hole exterior. We shall briefly discuss the cases (a) and (b) below and devote more attention to the case (c).
A. Case a
Here we consider the matching of two Schwarzschild regions (III given by the line element (18) and IV with coordinates {T ,R, θ, φ} with the same line element and different value for the mass parameter). The matching is performed across the surfaces R−R 0 = 0 andR−R 0 = 0, with R 0 < 2M Sch and R 0 < 2M Sch respectively. Notice that having (1 − 2M Sch /R 0 ) < 0 and (1 − 2M Sch /R 0 ) < 0 implies that the matching is space-like in this case. Continuity of the metric gives the relation
that holds on the boundary surface and can be easily integrated. However, continuity of the extrinsic curvature can not be satisfied in this case, as we get
with i = III, IV . Therefore one has to consider a non vanishing stress-energy tensor, which accounts for the difference in mass from one side to the other, that must be located at R 0 . Matching region IV with region II can then be performed similarly to the matching of the region I and III. In this case, we obtain a dust cloud (i.e. ω = 0) which expands in a white-hole solution in a space-time causally disconnected from the parent universe. The Penrose diagram of this scenario is given in figure 3 .
B. Case b
Here we consider the matching of the Schwarzschild region III to a DeSitter universe (region IV). The DeSitter line element can be written from the FRW metric (7) in region II in the classical limit (i.e. ρ cr → +∞) when one takes ω = −1. Therefore in this case region II and region IV coincide outside the QG dominated region and are both described by the FRW line element with ω = −1. The matching, neglecting the QG corrections, is again performed at a space-like surface given by R − R 0 = 0 inside the horizon on the Schwarzschild side and t II = t B on the DeSitter side. Continuity of the metric implies
Once again the matching is in general not smooth as can be seen by the evaluation of the extrinsic curvature on the DeSitter side:
which vanishes at t II = t B while the extrinsic curvature on the Schwarzschild side is non zero for R 0 = 2M Sch . This is the scenario that was considered in [27] in the classical (i.e. without bounce) case. The Penrose diagram of this scenario is given in [27] and, for the sake of comparison, we also report it herein, see figure 4 . Notice that in [27] the radius where the transition occurred was determined by the limiting curvature hypothesis, while in our case it is determined by the critical density. Region I represents the modified OSD collapse, which is matched with an expanding FRW universe denoted by region II. The darker triangular region is the quantum gravity dominated region under which the collapsing and expanding space-times are joined. The exterior of region I is the vacuum Schwarzschild solution denoted by region III which is matched to a DeSitter universe denoted by region IV inside the horizon. In this model the expanding FRW universe and the DeSitter universe coincide. The dotted line in region I is the apparent horizon and the same in region II+IV are Cauchy horizons.
C. Case c
Here we consider the matching between the Schwarzschild region III at a surface T = T B inside the horizon and the FRW universe described by region II at the surface t II = t B .
The first thing to notice is that in this case, we are matching a time-like surface on one side to a space-like surface on the other. This is consistent with the idea that the light-cone structure of the geometry must change in the QG region near the bounce. In the present case, such a transition is confined to a thin shell separating regions I and III from region II. The matching of two manifolds through a hyper-surface with signature change was studied in [44] . Continuity of the metric across the surface implies
while continuity of the second fundamental form is ensured at the time of the bounce since all components of K ab on both sides vanish. However, it may be more realistic to picture the transition as occurring over the finite sized volume in which QG effects dominate. In our scenario, such a region is confined within the black hole horizon but extends outside the boundary of the collapsing cloud. Then the matching would occur across a general hyper-surface that changes from space-like to time-like during the transition [45] . The Penrose diagram representing our model is presented in Fig.5 .
We turn now the attention to the horizons in the collapsing and expanding phases. The apparent horizon for the collapsing (expanding) FRW metric, i.e. region I (II, respectively), is obtained from the expansion of futuredirected outgoing and ingoing null geodesic congruences and it can be defined by the conditions
Here,
where l µ and n µ are null tangents satisfying l µ l µ = n µ n µ = 0 and l µ n µ = −2 and θ n is obtained from the above equation by replacing l ν with n ν in the covariant derivative. In spherically symmetric space-times, the condition for the formation of trapped surfaces reduces to the requirement that the surface R(r, t) = const. is null, which is equivalent to requiring g µν (∂ µ R)(∂ ν R) = 0. For the metric in equation (7) the above condition becomes
Notice that for k I = 0, the condition reduces to r i ah (t i ) = ±1/ȧ i which is the usual equation for the apparent horizon in the homogeneous flat case. In general, the equation for apparent horizon radius becomes
The occurrence of the bounce implies thatȧ i (t B ) = 0, so that the apparent horizon radius at the time of the bounce is which in the case of the collapsing phase is located outside the boundary of the cloud. Fig. 6 shows the apparent horizon curves in the collapsing and expanding phases. The left panel in Fig. 6 shows the apparent horizon curve r I ah (t I ) for the collapsing phase. The dashed line represents the apparent horizon curve for classical collapse without the bounce and the solid line represents the apparent horizon curve for quantum inspired collapse. We can see that in quantum inspired scenario, the apparent horizon reaches a constant value as given by equation (42) at the time of bounce, which is not the case in classical collapse. The mid panel in Fig. 6 shows the apparent horizon curve r II ah (t II ) for expanding universe after the bounce. The apparent horizon forms at a constant radius at the time of bounce and increases as the expansion proceeds. In the right panel, we show a schematic feature of apparent horizon formation combining both the curves in quantum inspired gravitational collapse.
V. DISCUSSION
Preliminary analysis of the data from the recent observation of the 'shadow' of the supermassive black hole candidate at the center of M87 suggests that the object is well described by a relativistic black hole solution [18, 19] . However, there are reasons to believe that the singularities present in such solutions must be removed once the same object is described within a theory of QuantumGravity (see [7] and references therein).
In the present work, we suggested a possible reconciliation between the observation that astrophysical black holes are well described by the classical solutions and the theoretical implications that the removal of singularities within a theory of Quantum-Gravity may have for black holes. In particular, we constructed a dynamical model for an expanding universe forming inside a black hole by matching a collapsing spherically symmetric dust cloud with an expanding FRW universe on a space-like hyper-surface at the time when the collapse halts and the bounce occurs.
Therefore, an observer at spatial infinity would only detect a classical black hole without any evidence of a bouncing event. For the expanding phase, we proposed three possibilities., namely, matching the exterior Schwarzschild region to another Schwarzschild spacetime with a different value of the mass parameter, matching the exterior Schwarzschild region to a DeSitter universe and matching the exterior Schwarzschild to the expanding FRW universe inside the horizon. The second option has been explored in the literature before [27] . We showed the matching conditions in all three cases and calculated the apparent horizon for the collapsing matter and the expanding FRW universe. 
